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STRICHARTZ-TYPE ESTIMATES FOR WAVE EQUATION FOR 
NORMALLY HYPERBOLIC TRAPPED DOMAINS 

HONGTAN SUN 


Abstract. We establish a mixed-norm Strichartz type estimate for the wave equa¬ 
tion on Riemannian manifolds {Q, g), for the case that Q is the exterior of a smooth, 
normally hyperbolic trapped obstacle in n dimensional Euclidean space, and n is 
a positive odd integer. As for the normally hyperbolic trapped obstacles, we will 
some loss of derivatives for data in the local energy decay estimate. Hence the global 
Strichartz estimate has a derivative loss. However, we can show that the forcing term 
is bounded by the sum of no more than two Lebesgue (p, q) mixed norms. 


1. Introduction. 

Let (O, g) be a Riemannnian manifold of dimension n > 3. Throughout this paper, 
we will assume to be the region outside a normally hyperbolic trapped obstacle. 

The Strichartz-type estimates are a family of space time estimates on the solution 
u{t, x) : (0, T) X n —C to the wave equation 

{ {df — Ag)u{t,x) = F{t,x), {t,x) G K+ X fi 

u(0, ■) = f, xGQ 
dtu{0, ■) = g, X Gil 
u{t,x) = 0, on R+ X 

where Ag denotes the Laplace-Beltrami operator on 

If n is a non-trapping domain, K. Hidano, J. Metcalfe, H. Smith, C. Sogge and Y. 
Zhou proved in m the global inhomogeneous mixed-norm Strichartz estimates. The 
result states that 


( 1 . 2 ) 


IbllL^LRR+xn) ^ ll/llilT(n) + ll5llffT-i(n) + 


where H'^ denotes the homogeneous Sobolev space over fl of order 7 , and p,r > 2, 
q,s > 2 and they satisfy the gap condition 

Inn 1 n „ 

p q 2 r s' 
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and the admissible condition 

2 n — 1 2 n — 1 n — 1 

p q r s 2 

One of the key inequality to get above (1121) is the plain local energy estimates, which 
says 

(1.3) W^it, ^)\\%Ll{RtXU) 

^ \\f\\m{v) + Il/lli 2 (y) + 2 :)| 1 ^ 2 ^ 2 (y), 

for some neighbourhood U and V near the obstacle. However, if some of the bicharac¬ 
teristics on O form closed paths, the issue is more intricate. In this case, geometrically 
we say the non-trapping condition fails, and we call such domain a trapped domain. As 
a consequence, the plain local energy ()1.3p estimates is not necessarily true [5] [3]. So 
the above Strichartz estimates (HU do not hold for some of the trapped domains, in 
particular, the hyperbolic trapped domains. 

In fact, the study of wave equations on trapped spaces is fascinating and has attracted 
many mathematicians. For example, M. Ikawa [H], X. Yu uni , and H. Christianson [B] 
studied such Strichartz estimate problems for different trapped spaces. And the problem 
for hyperbolic trapped domains are still open. 

In this work, we will establish a Strichartz-type mixed-norm estimates on a hyperbolic 
tapped domain, assuming that the solution satisfies Dirichlet homogeneous boundary con¬ 
ditions. The corresponding estimates for problems with Neumann boundary conditions 
can be established similarly. 

Let us give a precise description of hyperbolic trapped domain first. 

Consider H = Hq lJ(R"'\i?(0, R)), where Hq is a smooth compact Riemannian manifold 
with boundary, and the smooth, time-independent metric g equals to the Euclidean metric 
onb the infinite end R." \ i?(0, R). So pij = Sij when \x\ > R. For simplicity we assume 
the compact part Hq and the Euclidean end M" \ B{0,R) are glued together smoothly 
without any gaps or holes. Moreover, we want the trapped set for the geodesic flow on 
S*il is normally hyperbolic in the following sense, as it is defined in Sec 1.2 of [35] . 

Dynamical Assumptions for Normally Hyperbolic Trapped Sets: 

Let ip* denote the geodesic flow, and let r denote the distance function to a fixed point 
in LI. Locally define the backward/forward trapped sets by: 

r± = {P e 7 r“^(C/ 2 ) : lim r{y/{p)) / oo} 

t— 

Where tt is the projection from the cotangent bundles to LI, and U 2 is naborhood near 
the trapped set K, compactly supported in LI. 

Then the trapped set is defined to be 


K = r+nr- 
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Letp be the principle symbol of Ag, and write K\ = Kr\p~^{X). Then the Dynamical 
Hypotheses are 

1, There exists (5 > 0 such that dp 0 on p~^{X) for |A| < S. 

2, r± are eodimension-one smooth manifolds intersecting transversely at K. 

3, The flow is hyperbolic in the normal direction to K within the energy surface: there 
exists subbundles ofTfCx^± such that 

Tk,T^ = TKx © E^ 


where 


dp* : E^ ^ E^ 

and there exists 0 > 0 such that for all |A| < S, 

dp*{v) < Ce-®I*I||T|| 


for all V G E^, ±t > 0. 

Now we can consider the Laplace-Beltrami operator Ag associated with g, We shall 
assume throughout that the spatial dimension n > 3 is odd. 

In order to describe the Sobolev spaces that is used on we shall start with the 
regular Sobolev space on K". The definition is the same as the definition of the 
Sobolev spaces used in m and |29) . 

Recall that is the homogeneous Sobolev space with norm given by 

J 

While the inhomogeneous Sobolev space has norm defined by 


ll/llli.(K") = 11(1 - = (2^)-” / 1(1 + 

J«x 

with / denoting the Fourier transform and A denoting the standard Laplacian. 

Then take a smooth cut-off function /3 on R". Assume that /3 is supported in |a;| < 2i?, 
and j3{x) = 1 when \x\ < R. Let fl' be the embedding of fl {|a;| < 2R} into a compact 
manifold with boundary, so that dO,' = dO,. Then we can define the inhomogeneous 
Sobolev norm on Tl 


(1-4) ll/llffT(n) — ll^/llffT(n') + 11(1 - /3 )/IIht(k"), 


and the homogeneous Sobolev norm on Q, 
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(1-5) ll/llii‘T(n) ~ ll/3/l|i?^(n') + ||(1 /3)/llff7(«»>)■ 

Notice that the spaces are defined by a spectral decomposition of Ag|o/, subject 

to the Diriclet boundary condition. In fact, is the dual of and 

is dual to 

As we mentioned at the beginning, the plain local energy estimates fails in hyperbolic 
trapped case. However, later we will see that we can get a similar estimates with some 
derivative loss. And this new local energy estimates helped us to conquer some of the 
difficulties. And in order to deal with the extra derivative loss in the local energy estimate, 
we introduce a Sobolev-type norm in the follow, as it did in [52]. 

Definition 1.1. Define to be the space with norm 


(1-6) = ( [ iier(i + 

J M”' 

Notice that, for both positive and negative s, above Sobolev-type norm has the fol¬ 
lowing properties: 


(1-'^) II^IIa?(K") ~ ll^llA^(|4 |<i) + ll^llA^+q|c|>i)- 

And for non-negative e, we even have 

(1-8) II^IIa?(r”) ~ II^IIa-v(r'*) + ll^ll a^+'(r")- 

Now we can define the Sobolev-type norm on a manifold H similarly, as what we did 
earlier in m and m- 


(1-9) ll/llA2'(n) — ll/3/llA2'(n') + 11(1 “ /3)/ll//r(R") 

When e = 0, our definition turns out to coincide with the homogeneous Sobolev spaces, 
and we have 


Now let us consider the wave equation (HID on hyperbolic trapped domain (H,g). We 
assume n is odd, £ > 0 , p > 2 , 7 S (—^^^),and {p,q,^) satisfies 


( 1 . 10 ) 


Inn 

“ "I-= TT “ 

p q 2 


^ + ^ <1, n = 3 

- + -<1, n>3 

p g — ’ 


Our first result concerning Strichartz-type mixed-norm estimates is the following. 
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Theorem 1.2. Let n > 3 be odd, and fix ft = LIq U (R" \ B{0,R)) as a normally 
hyperbolic trapped domain, and satisfying above (jl.lOl) . Assume that p > 2 and 

Let F = 0 and u = u{t, x) solves (11.11) . then for all e > 0, 


(1-11) lkllLfL’(R+xn) ^ ll/llHj(n) + Il5llil2'-i(n)- 

Theorem 11.21 gives the global mixed-norm Stricharts-type estimates for solutions of 
homogeneous wave equation on LI. As we mentioned, there are derivative losses in the 
local energy estimates. And ( 11 . 111 ) shows that the global mixed-norm estimates inherited 
those derivative losses. However, later in the proof we can see that the homogeneous 
local Strichartz-type mixed-norm estimate does not have such derivative loss. 

The appearance of derivative loss in the global estimates makes it hard to get a good 
estimates for the inhomogeneous equation. For example, X. Yu encountered similar diffi¬ 
culties in [29]. So she has to construct a certain weighted-norm Strichartz-type estimates. 

In this work, we get through this difficulty by showing that we need no more than 
two Lebesgue (p, q) mixed-norms to bound the inhomogeneous solution. So the main 
Strichartz-type estimate is the following. 

Theorem 1.3. Let n > 3 be odd, and fix a normally hyperbolic trapped domain as it is 
in Theorem \1.2\ above. Assume p > 2, 7 G (— {p,q,j) and {r,s, 1 — 7 ) 
both satisfy (11.101) . 

Let u = u{t, x) solve (11.11) . Then for any e,S > 0, we have 


(1-12) ||M||L|>Li(R+xn) ^ ll/llA?(n) + 


The idea and method of the proofs are inherited from m and [55]. In section 2, 
we will prove the afore mentioned local energy estimate. It is different from the well- 
know plain local energy estimates since it contains some derivative loss, which comes 
out naturally from the geometry of the normally hyperbolic trapping. In section 3, we 
show a local Strichartz-type mixed-norm estimate for homogeneous wave equation on 
Ll. Even considering the existence of trapped geodesics, the local estimates still looks 
the same as the usual one. However, careful readers may notice that the domain for 
the Lebesgue index (p, q) here is much smaller than those for the Minkowski case. In 
section 4, we combine the well-known global Strichartz estimate for wave equations on 
Minkowski space with the results in section 2 and 3, and get the global Strichartz type 
estimate and prove theorem 11.21 This part of proof is a direct application of a result of 
X. Yu [29] . In section 5, we prove the inhomogeneous estimates in theorem 11.31 using a 
TT* argument. 


□ 
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2. Local Energy Decay Effect for Weakly Trapped Domain. 

Consider the normally hyperbolic trapped domain^ = flo |J(R”\i3(0, R)) described in 
Section 1, satisfy the afore mentioned Dynamical Assumptions. Assume that u = u{t,x) 
solves (ED with /, 5 , F compactly supported near dVl. 

Then a special case of Theorem 3 in Section 5 of [55] is, 

Corollary 2.1. Supposed that is a normally hyperbolic trapped domain as above. As¬ 
sume that, if for a fixed R > 0, u solves ED- Assume that F = 0 and f ,g compactly 
supported in {|a;| < i?}. Then there exists a > 0, K € Z+, for some C = C(a,K,R), we 
have 

(2-1) [ {\u'{t,x)\'^ + \dtu{t,x)\^)dx < C'e““*(||/||^K+i(|,,|<^) + ||5llffi<(|^|<ij)) 

J\x\<R 

Interpolate ED with the energy estimate, we get the following lemma. 

Lemma 2.2. Fix R > 0. If u = u{t,x) solves (11.11) with f, g, F compactly supported 
near dft, 3c > 0, so that 

( 2 - 2 ) W'^ ^)\\lI{\x\<R) ^ ^ II5IIA'(|x|</J)) 

For any e > 0 

Lemma 2.2 is a local energy decay estimate. It states that the local energy near 
the trapped sets decays exponentially with respect to the time variable t, comparing to 
the Soblove norms of the initial data. Using this estimate, we can get the local energy 
estimate, as it is stated in the following proposition. 

Proposition 2.3. Assume u = u{t,x) solves (11.111 . and f, g, F vanishes for |a;| > R. 
Then we have 

poo 

(2-3) 

pOO 

< ll/llW(n) + llffllAe(n) + 

Now let us prove Proposition 12.31 Notice that the functions of both sides of the 
equation are compactly supported, the left hand side of (12.31) is equivalent to 

(2-4) A = ||u (L 

When F = 0, taking square and integral on both sides of (12.2p . we get the desired 
homogeneous estimates. 


(2-5) ^ll/llW(n) +11511^(0)- 

Assume that Dg = y^—Ag. Taking F = 0, we can get from (12.21) that 


( 2 . 6 ) 
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for h G Supported in |a;| < R. 

Then by Duhammel’s Principle and applying Minkowski inequality to 
we get the desired estimate for F 7 ^ 0 . 

□ 


3. Local Strichartz Estimates. 


In order to prove the local Strichartz estimates, we will need a special case of a lemma 
of Christ and Kiselev [S]. So we quote it here as the following lemma. A proof of 
Christ-Kiselev Lemma could be found in pS] . 


Lemma 3.1. (Christ-Kiselev Lemma) Let X and Y be Banach Spaces and assume 
that K{t,s) is a continuous function taking its values in B{X,Y), the space of bounded 
linear mappings from X to Y. Suppose that —oo<a< 6 <oo, and set 

Tf{t)= ( K{t,s)f{s)ds 
J a 

. Assume that 

(3-1) \\T f\\Li([a,h\-,Y) ^ \\f\\LP{[a,b]-,Y) 


. Set 


Wf{t)= ( K{t,s)f{s)ds 


. Then if 1 < p < q < 00 , 

(3.2) WWfUmaMX) < 


2-2(1/p-1/9) . 2(J 

_ 2~A/p~^/q) A) 


The main result of this section is the following proposition: 

Proposition 3.2. If u = u{t,x) solves (11.11) with F = 0. Assume that p > 2 and 
7 G ^^^). Then for {p, q, 7) satisfying (11.1011 . we have, for all e > 0, 

(3.3) l|■^^llLfL«([o,l]xn) ll/(^)llj7T(n) + Il5(®)lliir^“i(n) 

In order to prove ProDOsition l3.21 let us consider a smooth cutoff function ip G (^^(R”). 
Assume that p{x) = 0 when |ai| > 2R, and p{x) = 1 when |a:| < R. 

Then for the solution u in Proposition 13.21 by taking v = pu and re = (1 — p)u, we 
can write it as 


(3.4) u = V w = pu + {1 — p)u 

The second part, w = {1 — p)u, solves the following equation, as gij = Sij when 
|a;| > R. 
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[ {df - A)w = -[(fi, Ag]u 
(3.5) < w{0, x) = {1- (p{x))f{x) 

[(9tw(0,a:) = (1 - <f{x))g{x) 

Notice that, as w vanishes in \x\ < R, and G{t,x) = —[(/?, is supported on 
{i? < |a;| < 2i?}, (13.51) is a wave equation in the Minkowski Space. So if wq solves the 
corresponding homogeneous equation (d^ — A)wo = 0 , by Corollary 1.2 in chapter 4 of 
[25] . we have, 


(3.6) ||wo||LrL|([o,l]xR") ^ 11(1 “ ‘fiix)) f {x)\\+ ||(1 - (/j(a:))g(x) 

for {p,q,'y) satisfying (jl.lO|) . 

On the other hand, if wi solves the inhomogeneous equation {dt — A)wi = F{t, x) on 
Minkowski space, with zero initial data. By Duhammel’s Principle, 


(3.7) ||wi||lpl«([o,i]xR") 


< 


, sm 


{t — s)\/—A 




Fis, •)llLfL’([0.1]xR")'^S 


< ||F(t, x)||^i^T,_i([Q i]^R„) < ||.F(C 2;)||i2^7-i([o,i]xR'‘) 
So combine (13.61) and (13.71) . we get, 


(3.8) llzcll 

L|’L®([o,i]xn) ^ 11(1 7’)/llff7(R»>) + ll(l-V=)ffll 

+ IIIT’j 1^9]^IIl2^t-1([o,i]xR") 

As [</j, Ag]u = —{Ag(p)u + Vgip ’ VgU, supported on i? < |x| < 2R, according to the 
local energy effect, we can get 

(3.9) Ag]M|| 

L2ij-7-i([o,l]xR") ^ IIT’/II H~i(n) + llT’ffll IfT-qn) 

So w is bounded by 

11(1-^)/ll 7fT'(R'‘) + ll(l-7’)5ll At'-i(R") + \\v>f\\ H-y{n) + llrall A^+-i(n) 

Which is equivalent to 

ll/ll A^(n) + llffllff^-qn) 

Now let us consider v = pu. 

Notice that v satisfies the following wave equation. 
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f {dt - \)v = Agjw 

/g \v{Q,x)=(pix)f{x) 

I dtv{0,x) = p{x)gix) 

Since v itself, the forcing term and the initial condition are all compactly supported in 
{a; G n : |a;| < 2R}, we can consider the wave equation as on a compact manifold {^,g) 
with boundary. We can take Ct so that dCt = d^, and g coincide with g. 

Then by Theorem 1.1 in [T], if (p, 5 , 7 ) satisfies (ll.lOp . and Vq solves the corresponding 
homogeneous wave equation, 

f (9? - Ag)uo = 0 

.3 \voiO,x) = p{x)f{x) 

I 5t'Uo(0,a;) = p(a;)5(x) 

[uo(t,a:)|an = 0 

we have 


(3-12) lko||LPL«([o,i]xn) 

By Duhammel’s principle and the spectrum decomposition of the Sobolev norm on 
compact manifolds, we get that 


(3.13) 

If vi solves 


(3.14) 


lki|lL?L’([o,i]xn) ^ 


{ {df — Ag)vi = F{t,x) on [0,1] x 
wi( 0 ,a:) = 0 
afui( 0 ,a;) = 0 
vi{t,x)\on = 0 


So by (13.121) and (13.131) . it follows that 

(3.15) lkllL|’L«([o.i]xn) ^ \\^f\\Hi(n) + \\'^9\\h~i-'^{Q) + ll[‘/^Ag]'w||j;^ 2 ^T-i([Q^i]xn) 

where the right hand side of the inequality is bounded by ||/||/f- 7 (Q) + Il 5 llil 7 -i(n) > 
||[(p, Ag]u||^2^^-i([0 i]xO) ~ Ag]'w||L2^7-i([o,i]xn) 

Therefore, by Minkowski’s inequality, we got the desired local Strichartz estimates. 

□ 
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4. Global Strichartz Estimates for Homogeneous Wave Equation. 

There is a long history to establishing the global Strichartz estimate in Minkowski 
space, beginning with the original work by Strichartz [26) . Some subsequent work 
is done by Genibre-Velo [13], Pecher [33] 7 Kapitanski m, Lindblad-Sogge [13] [IS], 
Mockenhaupt- Seeger- Sogge m. Keel-Tao [T3], etc. One of the result is the following 
estimate, which can be found as Corollary 2.1 in chapter 4 of [25] . 

Global Minkowski Strichartz estimates. 

For solutions to m with F = 0 , in the case of O = R" and gij = 6ij, the following 
holds, when p> 2, {p, q, 7 ) satisfies (ll.lOp . we have that. 


(4-1) ll'*^llLfLj(Ki+") ^ ll/llilT(R") 4" 

Xin Yu defined almost admissibility in [3S]? we state the definition here. 
Definition 4.1. We say that {X,j,ri,p) is almost admissible if it satisfies 

i) , Minkowski almost Strichartz estimates 

(4-2) ll'^llLfX([0,S]xR’*) ^ ll'*^(07 • )llilT(Rn) + l|5t'*^(07 • )llilT-l(Rn) 

ii) , Local almost Strichartz estimates for LI 

(4-3) ll'w||LPjs:([o,i]xn) ^ ll'“(07 ’ )llF;j'(n) + 

Xin Yu [3S] also proved the following Generalized Strichartz Estimates Theorem. 

Theorem 4.2 (Theorem 1.5 in [29] for Dirichlet-wave equation). Let n > 2 and assume 
that (X,"f,r],p) is almost admissible with 

, n — 3 n — 1. 
p>2 and j € [ - 

Then if the local smoothing estimate (IQ) is valid and if u solves (HD with forcing term 
F = 0, we have the abstract Strichartz estimates 

(4-4) l|■a||L^>x([o,oo)xn ^ 

Now from proposition |3^ and (BID, we can see that (L'?(n), 7 , 0,p) is almost admissi¬ 
ble, if 7 G (—^^, ip, q, 7 ) satisfying (jl.lOl) and any e > 0. So Theorem 11.21 follows 
by applying Theorem 4.2. □ 

5. Inhomogeneous Estimates. 

Notice that the homogeneous Strichartz estimates in Theorem 11.21 is different from 
the usual Strichartz estimates we have seen for Euclidean space, non-trapping domain 
or manifolds with or without boundary. Because it contains derivative loss on the right 
hand side of the inequality. This cause problems for getting a inhomogeneous estimate 
that could maintain the order of derivatives on both sides of the inequality. So when 
dealing with this problem, 1 need to use two different Lebesgue (p, q) mixed-norms to 
hedge the potential derivative loss. 
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Proof of Theorem II.3t 

By theorem ll.21 it suffices to prove the case for / = g = 0. 

By Duhammers Principle, we have to show, 

(5.1) II 

^0 

for (p, q, 7 ) and (r, s, 1 — 7 ) satisfying ( 11 . 101 ) respectively, and any (5 > 0 
By Christ-Kiselev Lemma, it suffices to show 


nOO 

(5.2) II / 

Jo 

< ||.F(i,a;)|lir'^P(R_|_xa) + ll-^(^i^)llLpLj'-'’(R+xn) 
From theorem ll.21 we can see the left hand side of (j5.2p is bounded by 

nOO 

(5.3) II / e—l^l|i?|-iF(s,.)ds||/^.(o), 

Jo 

for any e > 0 . 

Let P = y/—Ag. According to (11.71) . this is equals to 

poo pco 

(5.4) II e"*'’l^lF(s,-)ds||^^-i(|p|<;^) + liy^ e“*"l^lF(s, OdsHp^+e-idPi^i) 

If (r, s, 1 — 7 ) satisfies (I1.10|) . for e > 0, the duality of (11.111) for (r, s, 1 — 7 , 0) gives 


(5.5) 


II / e I •)c^s|li5-2;-i(n) ~ ^)llLj-'Lj'(R+xf 2 ) 


And by definition of the H], the left hand side of (15.51) is equivalent to 


pOO pOO 

(5.6) III e-*^l^lF(s,.)ds||p,-q|p|<i) + |iy^ e-*^l^lF(s,.)da||p,„.„,(|p|>i) 

So the first term in (15. 4p is bounded by ||^'(^, a:)||pr'p«'(][ 5 ^xn)- 
term on the left hand side of dSU. 

Similarly, consider (r, s, 1 — (7 + 2e)) satisfying (11.101) . Then the duality of (11.111) for 
(r,s,l- (7 + 2 e), 0 ) gives 
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(5.7) 





And the left and side of dSU turns out to be, 


(5.8) II f 
Jo 


'CO 



e *'*l^lF(s,-)ds||jy; 


'OO 


+ 11 / e—l^lF(s,.)da||^,+.._.(|p|<i) 
J 0 


Which provides the bound for the second term in (15.41) . Notice that e can be arbitrarily 
small, it follows that we can choose s' = s' — S, for arbitrarily small <5 > 0. And this 
completed the proof for Theorem 11.31 


□ 
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